As a variant of the well-known hypercube, the balanced hypercube BH n was proposed as a novel interconnection network topology for parallel computing. It is known that BH n is bipartite. Assume that S = {s 1 , s 2 } and T = {t 1 , t 2 } are any two sets of two vertices in different partite sets of BH n (n ≥ 1). It has been proved that there exist two vertex-disjoint s 1 , t 1 -path and s 2 , t 2 -path of BH n covering all vertices of it. In this paper, we prove that there always exist two vertex-disjoint s 1 , t 1 -path and s 2 , t 2 -path covering all vertices of BH n with at most 2n − 3 faulty edges. The upper bound 2n − 3 of edge faults tolerated is optimal.
Introduction
The interconnection network (network for short) plays a crucial role in massively parallel systems [14] . It is impossible to design a network which is optimum in all aspects of performance, accordingly, many networks have been proposed. Linear arrays and rings are two fundamental networks. Since some parallel applications
Definitions and preliminaries
Throughout this paper, a network is represented by a simple undirected graph, where vertices represent processors and edges represent links between processors. Let G = (V (G), E(G)) be a graph, where V (G) and E(G) are its vertex-set and edge-set, respectively. The number of vertices of G is denoted by |V (G)|. The set of vertices adjacent to v is called neighborhood of v, denoted by N G (v). We will use N(v) to replace N G (v) when the context is clear. A path P in G is a sequence of distinct vertices so that there is an edge joining consecutive vertices, and the length of P is the number of edges, denoted by l(P ). For simplicity, a path P = x 0 , x 1 , · · · , x k can also be denoted by x 0 , P, x k . A u, v-path is a path whose end vertices are u and v. If a path C = x 0 , x 1 , · · · , x k is such that k ≥ 3, x 0 = x k , then C is said to be a cycle, and the length of C is the number of edges. The distance between two vertices u and v, denoted by d (u, v) , is the length of a shortest path of G joining u and v. A path (resp. cycle) containing all vertices of a graph G is called a Hamiltonian path (resp. cycle). A bipartite graph G is bipanconnected if, for two arbitrary nodes u and v of G with distance d(u, v), there exists a path of length l between u and v for every integer l with d(u, v) ≤ l ≤ |V (G)| − 1 and l ≡ d(u, v)(mod 2). For other standard graph notations not defined here please refer to [1] .
The definitions of the balanced hypercube are given as follows.
Definition 1 .
[26] An n-dimension balanced hypercube BH n contains 4 n vertices (a 0 , . . . , a i−1 , a i , a i+1 , . . . , a n−1 ), where a i ∈ {0, 1, 2, 3}, 0 ≤ i ≤ n − 1. Any vertex v = (a 0 , . . . , a i−1 , a i , a i+1 , . . . , a n−1 ) in BH n has the following 2n neighbors:
(1). ((a 0 + 1) mod 4, a 1 , . . . , a i−1 , a i , a i+1 , . . . , a n−1 ), ((a 0 − 1) mod 4, a 1 , . . . , a i−1 , a i , a i+1 , . . . , a n−1 ), and (2) . ((a 0 + 1) mod 4, a 1 , . . . , a i−1 , (a i + (−1) a 0 ) mod 4, a i+1 , . . . , a n−1 ), ((a 0 − 1) mod 4, a 1 , . . . , a i−1 , (a i + (−1) a 0 ) mod 4, a i+1 , . . . , a n−1 ).
The first coordinate a 0 of the vertex (a 0 , . . . , a i , . . . , a n−1 ) in BH n is defined as inner index, and other coordinates a i (1 ≤ i ≤ n − 1) outer index.
The recursive structure of the balanced hypercube is presented in the following definition.
Definition 2 . [26] (1). BH 1 is a 4-cycle, whose vertices are labelled by 0, 1, 2, 3 clockwise. (2) . BH k+1 is constructed from 4 BH k s, which are labelled by BH BH 1 is shown in Fig. 1 (a) . One layout of BH 2 is shown in Fig. 1 (b) and the other layout of BH 2 is shown in Fig. 1 (c) , which reveals a ring-like structure of BH 2 . Obviously, BH 2 can be also regarded as joining diagonal vertices of eight twisted 4-cycles end-to-end.
The following basic properties of the balanced hypercube will be applied in the main result of this paper.
Lemma 1 [26] . BH n is bipartite.
By the above lemma, we give a bipartition V 0 and V 1 of BH n , where V 0 = {(a 0 , · · · , a n−1 )|(a 0 , · · · , a n−1 ) ∈ V (BH n ) and a 0 is even} and V 1 = {(a 0 , · · · , a n−1 )| (a 0 , · · · , a n−1 ) ∈ V (BH n ) and a 0 is odd}.
Lemma 2 [26, 32] . BH n is vertex-transitive and edge-transitive.
Lemma 3 [26] . Vertices u = (a 0 , a 1 , . . . , a n−1 ) and v = ((a 0 +2) mod 4, a 1 , . . . , a n−1 ) in BH n have the same neighborhood.
For convenience, let p(u) be the vertex having the same neighborhood of u. It is obvious that u and p(u) differ only from the inner index.
Assume that u is a neighbor of v in BH n . If u and v differ only from the inner index, then uv is called a 0-dimension edge, and u and v are mutually called 0-dimension neighbors. Similarly, if u and v differ from j-th outer index (1 ≤ j ≤ n − 1), uv is called a j-dimension edge, and u and v are mutually called j-dimension neighbors. The set of all k-dimension edges of BH n is denoted by E k for each k ∈ {0, · · · , n − 1}, and the subgraph of BH n obtained by deleting E n−1 is written by B i , where i 0 ≤ i ≤ 3. Obviously, each of B i is isomorphic to BH n−1 . Let u i , v i , w i ∈ V 0 (resp. a i , b i , c i ∈ V 1 ) be vertices in B i . For convenience, let E i,i+1 be the edge set containing all edges between B i and B i+1 (0 ≤ i ≤ 3), where "+" is under modulo four. For any vertex v of BH n , let e(v) be the set of edges incident to v. In particular, the two k-dimension edges incident to v is denoted by e k (v), where 0 ≤ k ≤ n − 1. Let F be a set of edges in BH n , we denote
Let P and Q be two 2-paths with central vertices u and v, respectively. A tenon chain T m (x; y) from u to v is defined to be an m (m ≥ 1) twisted 4-cycle chain with P and Q joining to its two ends, respectively. Additionally, let P ′ and Q ′ be two 2-paths with central vertices x and y, respectively. P ′ and Q ′ are joined to two ends of T m (x; y) the same way as P and Q do, we denote the graph obtained above by T m (u, x; v, y). In other words, T m (u, x; v, y) is an m+2 (m ≥ 1) twisted 4-cycles chain with u and x being degree 2 vertices at one end and v and y being degree 2 vertices at the other end. By above, if 1 ≤ m ≤ 6, T m (u; v) and T m (u, x; v, y) are both subgraphs of BH 2 . For convenience, we refer T m (u; v) and T m (u, x; v, y) (1 ≤ m ≤ 6) to the subgraph of BH 2 (ring-like layout) from u to v clockwise. T 3 ((1, 0), (0, 1)) and T 3 ((1, 0), (3, 0); (0, 1), (2, 1)) are illustrated as heavy lines in Figs. 2 (a) and 2 (b), respectively. Note that if u and v are in different partite sets of BH 2 then m is odd, otherwise, m is even. 0) ; (0, 1)) and T ((1, 0), (3, 0); (0, 1), (3, 1)).
Paired two-disjoint path cover of the balanced hypercube
Firstly, we will give some statements, which will be used later.
Lemma 4 [30] . Let u be an arbitrary vertex of BH n for n ≥ 1. Then, for an arbitrary vertex v of BH n , either u and v have 0, 2, or 2n common neighbors. Furthermore, there is exactly one vertex w such that u and w have 2n common neighbors.
Lemma 5 [29] . The balanced hypercube BH n is bipanconnected for all n ≥ 1.
Lemma 6 [31] . Assume that n ≥ 2. There exist 4 n−1 edges between B i and B i+1 for each 0 ≤ i ≤ 3.
Lemma 7 [27] . Let uv be an edge of BH n . Then uv is contained in a cycle C of length 8 in BH n such that |E(C) ∩ E(B i )| = 1 for each i = 0, 1, 2, 3.
Lemma 8 [5] . Let u, x ∈ V 0 and v, y ∈ V 1 . Then there exist two vertex-disjoint paths P and Q such that: (1) P connects u to v, (2) Q connects x to y, (3)
Lemma 9 [32] . Let F be a set of faulty edges of BH n with |F | ≤ 2n − 2 for n ≥ 2 and let x and y be two vertices in different partite sets of BH n . Then there exists a Hamiltonian path of BH n − F from x to y.
Lemma 10 . Given T m (x, y) with m being odd. If f is an arbitrary edge of T m (x, y), then there exists a Hamiltonian path of T m (x, y) − f from x to y.
Proof. Since m is odd, x and y are in different partite sets. Either f is an edge incident to x or y, or f is an edge of any twisted 4-cycle, it is easy to obtain a Hamiltonian path of T m (x, y) avoiding f . The lemma holds. It follows from Lemma 10 that there exists a Hamiltonian path of T m (x, y) from x to y when at most one edge fault occurs, so we also use T m (x, y) to denote a fault-free Hamiltonian path of T m (x, y) from x to y when there is no ambiguity.
Lemma 11 . Given T m (u, x; v, y) with m being odd. Let e and f be two edges of T m (u, x; v, y) such that e and f are not contained in the same twisted 4-cycle, then there exist vertex-disjoint u, v-path and x, y-path of T m (u, x; v, y) −{e, f } that cover all vertices of it.
Proof. Since m is odd, u and x are in one partite set, and v and y are in the other partite set of T m (u, x; v, y). To obtain the desired u, v-path and x, y-path, one has to go through all twisted 4-cycles of T m (u, x; v, y) and never go back. Accordingly, u, v-path and x, y-path contain the same number of vertices. Fault-free u, v-path and x, y-path of T m (u, x; v, y) − {e, f } can be constructed according to the following two rules:
(1) If e (or f ) is incident to one of u, x, v and y, say u, we then choose the other edge incident to u in u, v-path.
(2) If e = ab (or f = ab) is contained in a twisted 4-cycle C = a, b, c, d, a , then ad (resp. bc) must be contained in exact one of u, v-path and x, y-path.
Hence, the lemma holds.
Lemma 12 . Let {s 1 , s 2 } and {t 1 , t 2 } be two sets of vertices in different partite sets of BH 2 and let F = {e, f } be a set of edges of BH 2 with e ∈ E 0 and f ∈ E 1 . Then there exist vertex-disjoint s 1 , t 1 -path and s 2 , t 2 -path of BH 2 − F that cover all vertices of it unless there exists a common neighbor of s 1 and s 2 (or t 1 and t 2 ), say x, such that F = e(x) \ {s 1 x, s 2 x} (or F = e(x) \ {t 1 x, t 2 x}).
Proof. Suppose without loss of generality that x is a common neighbor of s 1 and s 2 , if F = e(x) \ {s 1 x, s 2 x}, that is, {s 1 x, s 2 x} ∩ F = ∅, which yields a 2-path starting from s 1 to s 2 . Accordingly, it is impossible to obtain vertex-disjoint s 
The following corollary is straightforward. 
for each i ∈ {0, 1, 2, 3}. So we assume that E j ∩ F = {f i } for each j = 0, 1, 2. By Lemma 4, s 1 and s 2 (or t 1 and t 2 ) have 0, 2 or 2n common neighbors. If s 1 and s 2 (or t 1 and t 2 ) have no common neighbors, then we can safely divide 
, be subgraphs of BH n obtained by splitting BH n along dimension k.
Then there exists four vertices a, c ∈ V 0 and b, d ∈ V 1 of B i such that: Proof. We proceed the proof by induction on n. By the choice of k, we have
It is easy to verify that conditions (1)- (5) hold after splitting BH 3 by dimension k. Thus, the induction basis holds. So we assume that the lemma is true for all integers m with 3 ≤ m ≤ n − 1. Next we consider BH n .
Note that |E k ∩ F | ≥ 2 whenever n ≥ 4, suppose without loss of generality that i = 3 and . Thus, the subgraph induced by {a 0 , a (1), (2) and (3) (1), (2) and (3) for given u 0 and u On the other hand, b and d have 2n − 2 common neighbors (except a and c) in our aim is to show that there exists a longest path P from u to a covering all vertices of we assume without loss of generality that u ∈ V (B 0,3 whenever n ≥ 4 (any vertex v on P 0 with |e k 2 (v) ∩ F | = 2 will eliminate the choice of two edges incident to v on P 0 ), we can choose an edge u 0 a 0 ∈ E(P 0 ) such that there exist two edges u 0 a 1 , u 3 a 0 ∈ F , where a 1 ∈ V (B 1,3 n−2 ) and u 3 ∈ V (B 3,3 n−2 ). Deleting u 0 a 0 from P 0 will generate two vertex-disjoint paths P 01 and P 02 , where P 01 connects u to a 0 and P 02 connects u 0 to a. Let u 1 a 2 and u 2 a 3 be two fault-free k 2 -dimension edges. By Lemma 9, there exist a fault-free Hamiltonian path P 1 of B
1,3
n−2 from u 1 to a 1 , a fault-free Hamiltonian path P 2 of B 2,3 n−2 from u 2 to a 2 , and a fault-free Hamiltonian path P 3 of B 3,3 n−2 from u 3 to a 3 . Hence, u, P 01 , a 0 , u 3 , P 3 , a 3 , u 2 , P 2 , a 2 , u 1 , P 1 , a 1 , u 0 , P 02 , a is the path required (see Fig. 4 ).
This completes the proof.
Lemma 15 . Let F = {e, f } be any two edges of BH 2 with e ∈ E 0 and f ∈ E 1 . In addition, let t 1 , t 2 ∈ V 1 be two arbitrary vertices. Then there exist two pairs of vertices in V 0 differing only from inner index respectively, suppose without loss of generality that a and c is such a pair with a = p(c), such that: (1) there exists a vertex u ∈ V 0 of BH 2 with u = a, c; (2) there exist two vertex-disjoint paths P and Q of BH 2 − F cover all vertices of it, where P connects u to t 2 , and Q connects c to t 1 and c, b, a is a subpath of Q.
Proof. By vertex-transitivity of BH 2 , we may assume that t 1 = (1, 0). Since e ∈ E 0 and f ∈ E 1 , e and f lie in different twisted 4-cycles of BH 2 . Our aim is to find two pairs of vertices differing only from inner index respectively and satisfying conditions (1) and (2). There are three essentially different positions of t 2 . Case 1. t 2 = (3, 0). We further deal with the following cases. Case 1.2. e and f lie in inconsecutive twisted 4-cycles. Obviously, BH 2 can be decomposed into four edge-disjoint 8-cycles according to ring-like layout. By Lemma 11, each pair of vertices in V 0 differing only from the inner index can be chosen as a and c such that there exist two vertex-disjoint paths P and Q of BH 2 − F cover all vertices of it, where P connects u to t 2 , and Q connects c to t 1 and c, b, a is a subpath of Q. Case 2. t 2 = (3, 3). We further deal with the following cases. Case 2.1. |F ∩ T 0 (t 1 , (3, 0); (1, 3), t 2 )| = 2. By Lemma 11, there exist two edgedisjoint 2-paths P 1 and Q 1 cover all vertices of T 0 (t 1 , (3, 0); (1, 3), t 2 ), where P 1 con-nects (3,0) to t 2 and Q 1 connects (1,3) to t 1 . There are two pairs of vertices can be chosen as a and c: (1) a = (0, 2) and c = (2, 2); (2) a = (0, 1) and c = (2, 1).
If a = (0, 2) and c = (2, 2), let u = (2, 1), then P = (2, 1), (1, 2), (0, 1), (3, 1), (0, 0), (1, 1), (2, 0), (3, 0), P 1 , (3, 3) and Q = (2, 2), (3, 2), (0, 2), (1, 3), Q 1 , (1, 0) are the paths required.
If a = (0, 1) and c = (2, 1), let u = (2, 0), then P = (2, 0), (3, 1), (0, 0), (3, 0),
The proof is similar to that of Case 2.1, we omit it.
Case 3. t 2 = (3, 2). The proof is similar to that of Case 2, we omit it.
By above lemma, it is not hard to obtain the following corollary.
Corollary 16 . Let e be an edge of BH 2 . In addition, let t 1 , t 2 ∈ V 1 be two arbitrary vertices of BH 2 . Then there exist at least two pairs of vertices in V 0 differing only from inner index respectively, suppose without loss of generality that a and c is such a pair with a = p(c), such that: (1) there exists a vertex u ∈ V 0 of BH 2 with u = a, c; (2) there exist two vertex-disjoint paths P and Q of BH 2 − e cover all vertices of it, where P connects u to t 2 , and Q connects c to t 1 and c, b, a is a subpath of Q.
Lemma 17 . Let F be a set of edges of BH n with |F | = 2n
, be subgraphs of BH n obtained by splitting BH n along dimension k. In addition, let t 1 , t 2 ∈ V 1 be two arbitrary vertices in B i such that t 1 = t 2 . Then, there exist four vertices u, a, c ∈ V 0 and b ∈ V 1 of B i with a = p(c) such that:
(1) there exists a k-dimension neighbor a i+1 of a and c such that e k (a i+1 ) ∩F = ∅ and there exists a k-dimension
is a common neighbor of a and c;
(2) for each
there exist two vertex-disjoint paths P and Q of B i − F cover all vertices of it, where P connects u to t 2 , and Q connects c to t 1 and c, b, a is a subpath of Q.
Proof. We proceed the proof by induction on n. Firstly, we shall show that the lemma is true when n = 3. Suppose without loss of generality that i = 3 and k = 2, that is,
, then it follows from Lemma 15 that the lemma is true. If |E 2 ∩ F | ≥ 2, it follow from Lemma 16 that the lemma is also true. Thus, the induction basis holds. So we assume that the lemma is true for all integers m with 3 ≤ m ≤ n − 1. Next we consider BH n . Obviously, we have |E k ∩ F | ≥ 2 whenever n ≥ 4. We may assume that i = 3 and k = n − 1. So we obtain four subgraphs B i , 0 ≤ i ≤ 3, by splitting BH n along dimension n − 1. Accordingly, by our assumption, t 1 , t 2 ∈ V (B 3 ). Thus,
Our aim is to show that there exist four vertices u, a, c ∈ V 0 and b ∈ V 1 of B 3 with a = p(c) satisfying conditions (1)- (3). Let n−2 − F cover all vertices of it, where P 0 connects u to t 2 , and Q connects c to t 1 and c, b, a is a subpath of Q. Since l(P 0 ) + l(Q) = 4 n−2 − 2, it is obvious that there exists an edge on P 0 or Q, say u 0 a 0 ∈ E(P 0 ), such that u 0 a 1 , u 3 a 0 ∈ F , where u 0 a 1 and u 3 a 0 are k 1 -dimension edges. Thus, deleting u 0 a 0 from P 0 will generate two vertex-disjoint paths P 01 and P 02 , where P 01 connects u to a 0 and P 02 connects u 0 to t 2 . By Lemma 6, there must exist two k 1 -dimension fault-free edges u 1 a 2 and u 2 a 3 , where
n−2 ) and a 3 ∈ V (B 3,3 n−2 ). By Lemma 9, there exist a fault-free Hamiltonian path P 1 of B 1,3 n−2 − F from u 1 to a 1 , a fault-free Hamiltonian path P 2 of B 2,3 n−2 −F from u 2 to a 2 , and a fault-free Hamiltonian path P 3 of B 3,3 n−2 −F from u 3 to a 3 . Hence, P = u, P 01 , a 0 , u 3 , P 3 , a 3 , u 2 , P 2 , a 2 , u 1 , P 1 , a 1 , u 0 , P 02 , t 2 and Q are paths satisfying condition (3) in BH n .
If
n−2 ). Obviously, there exists a vertex u ∈ V (B 1,3 n−2 ) such that |e j 1 (u)∩ F | < 2 for each j 1 ∈ {0, 1, · · · , n − 1}. By Lemma 9, there exists a fault-free Hamiltonian path P 1 of B 1,3 n−2 − F from u to t 2 . Since l(P 1 ) = 4 n−2 − 1, there must exist an edge u 1 a 1 ∈ E(P 1 ) such that |e k 1 (u 1 ) ∩ F | < 2 and |e k 1 (a 1 ) ∩ F | < 2. So let u 1 a 2 and u ′ a 1 be two fault-free k 1 -dimension edges. Additionally, deleting u 1 a 1 from P 1 will generate two vertex-disjoint paths P 11 and P 12 , where P 11 connects u to a 1 and P 12 connects u 1 to t 2 . By induction hypothesis, there exists four vertices a, c ∈ V 0 and a 0 , b ∈ V 1 of B 0,3 n−2 with a = p(c) such that: a, b and c satisfy condition (1) and a 0 satisfies condition (2) 
n−2 such that |e j 1 (u) ∩ F | < 2 for each j 1 ∈ {0, 1, · · · , n − 1}. By Lemma 9, there exists a faultfree Hamiltonian path P 2 of B 2,3 n−2 − F from u to t 2 . Similarly, there must exist an edge u 2 a 2 ∈ E(P 2 ) such that |e k 1 (u 2 ) ∩ F | < 2 and |e k 1 (a 2 ) ∩ F | < 2. So let u 1 a 2 and u 2 a 3 be two fault-free k 1 -dimension edges. Additionally, deleting u 2 a 2 from P 2 will generate two vertex-disjoint paths P 21 and P 22 , where P 21 connects u to a 2 and P 22 connects u 2 to t 2 . Let a 0 ∈ V (B n−2 − F from u 1 to a 1 , and a fault free Hamiltonian path P 3 of B 3,3 n−2 − F from u 3 to a 3 . Hence, P = u, P 21 , a 2 , u 1 , P 1 , a 1 , u 0 , P 0 , a 0 , u 3 , P 3 , a 3 , u 2 , P 22 , t 2 and Q are paths satisfying condition (3) in BH n .
n−2 − F cover all vertices of it, where P 0 connects u 0 to a 0 , and Q connects c to t 1 and c, b, a is a subpath of Q. So there exist three fault-free k 1 -dimension edges u 0 a 1 , u 1 a 2 and u 3 a 0 , where
n−2 ) and u 3 ∈ V (B 3,3 n−2 ). By Lemma 9, there exist a fault-free Hamiltonian path P 1 of B
n−2 − F from u 1 to a 1 , a fault-free Hamiltonian path P 2 of B 2,3 n−2 − F from u to a 2 and a fault-free Hamiltonian path P 3 of B 3,3 n−2 − F from u 3 to t 2 . Hence, P = u, P 2 , a 2 , u 1 , P 1 , a 1 , u 0 , P 0 , a 0 , u 3 , P 3 , t 2 and Q are paths satisfying condition (3) in BH n .
This completes the proof. Now we are ready to state the main result of this paper.
Theorem 18 . Let F be a set of edges with |F | ≤ 2n−3 and let {s 1 , s 2 } and {t 1 , t 2 } be two sets of vertices in different partite sets of BH n for n ≥ 2. Then BH n − F contains vertex-disjoint s 1 , t 1 -path and s 2 , t 2 -path that covers all vertices of it.
Proof. We proceed the proof by induction on n. By Lemma 13, the statement is true for BH 2 . For n = 3, we have characterized how to divide BH 3 by some dimension k ∈ {0, 1, 2} in Remark. Assume that the statement holds for BH n−1 with n ≥ 3. Next we consider BH n . Since |F | ≤ 2n − 3, by Pigeonhole Principle, there must
(we can also use Lemma 12 as induction basis when n = 3). Suppose without loss of generality that d = n − 1. So we divide BH n into four subcubes B i (i ∈ {0, 1, 2, 3}) by deleting E n−1 . By Lemma 2, BH n is vertex transitive, we may assume that s 1 ∈ V (B 0 ) and |V (B 0 ) ∩ {s 2 , t 1 , t 2 }| ≥ |V (B j ) ∩ {s 2 , t 1 , t 2 }| for j ∈ {1, 2, 3}. We consider the following cases.
Case 1. |V (B 0 ) ∩ {s 2 , t 1 , t 2 }| = 0. We further deal with the following cases.
Case 1.1. s 2 ∈ V (B 1 ), t 1 ∈ V (B 2 ) and t 2 ∈ V (B 3 ). Since 4 n−1 ≥ 2n − 3 whenever n ≥ 3, there always exists a fault-free edge u 3 a 0 ∈ E 3,0 . In addition, there exists a fault-free edge v 3 b 0 ∈ E 3,0 such that u 3 = v 3 and b 0 = a 0 (Let u and v be two vertices with distance two and let w be a common neighbor of them in B i . We denote the set of edges incident to w, except uw and vw, in B i by A, then |A| = 2n − 4. Note that |F i | ≤ 2n − 4 when n = 3 and |F i | ≤ 2n − 5 when n > 3, there may exist at most one pair of vertices u and v such that A ⊆ F only if n = 3. It is easy to choose u and v to avoid this situation, so we do not mention this condition in the following proof.). Similarly, there exist two fault-free edges u 0 a 1 ∈ E 0,1 and u 2 a 3 ∈ E 2,3 such that u 0 = s 1 and a 3 = t 2 . By Lemma 9, there exist a fault-free Hamiltonian path P 1 of B 1 − F from s 2 to a 1 , and a fault-free Hamiltonian path P 2 of B 2 − F from u 2 to t 1 . By induction hypothesis, there exist two vertex-disjoint paths P 01 and P 02 cover all vertices of B 0 − F , where P 01 connects u 0 to a 0 and P 02 connects s 1 to b 0 ; there exist two vertex-disjoint paths P 31 and P 32 cover all vertices of B 3 − F , where P 31 connects u 3 to t 2 and P 32 connects v 3 to a 3 . Hence, s 1 , P 02 , b 0 , v 3 , P 32 , a 3 , u 2 , P 2 , t 1 and s 2 , P 1 , a 1 , u 0 , P 01 , a 0 , u 3 , P 31 , t 2 are two vertex-disjoint paths required (see Fig.  5 ).
). There always exist two edges u 3 a 0 , v 3 b 0 ∈ E 3,0 such that u 3 = v 3 and a 0 = b 0 . Similarly, there exist an edge u 0 a 1 ∈ E 0,1 such that u 0 = s 1 , and an edge u 2 a 3 ∈ E 2,3 such that a 3 = t 1 . By Lemma 9, there exist a fault-free Hamiltonian path P 1 of B 1 − F from s 2 to a 1 , and a fault-free Hamiltonian path P 2 of B 2 − F from u 2 to t 2 . By induction hypothesis, there exist two vertex-disjoint paths P 31 and P 32 cover all vertices of B 3 − F , where P 31 connects v 3 to t 1 and P 32 connects u 3 to a 3 ; there exist two vertex-disjoint paths P 01 and P 02 cover all vertices of B 0 −F , where P 01 connects u 0 to a 0 and P 02 connects s 1 to b 0 . Hence, s 1 , P 02 , b 0 , v 3 , P 31 , t 1 and s 2 , P 1 , a 1 , u 0 , P 01 , a 0 , u 3 , P 32 , a 3 , u 2 , P 2 , t 2 are two vertex-disjoint paths required. Case 1.3. s 2 ∈ V (B 2 ), t 1 ∈ V (B 1 ) and t 2 ∈ V (B 3 ). There always exist two edges u 3 a 0 , v 3 b 0 ∈ E 3,0 such that u 3 = v 3 and a 0 = b 0 , and two edges u 1 a 2 , v 1 b 2 ∈ E 1,2 such that u 1 = v 1 and a 2 = b 2 . Similarly, there exist an edge u 0 a 1 ∈ E 0,1 such that u 0 = s 1 and a 1 = t 1 , and an edge u 2 a 3 ∈ E 2,3 such that u 2 = s 2 and a 3 = t 2 . By induction hypothesis, there exist two vertex-disjoint paths P 01 and P 02 cover all vertices of B 0 −F , where P 01 connects u 0 to a 0 and P 02 connects s 1 to b 0 ; there exist two vertex-disjoint paths P 11 and P 12 cover all vertices of B 1 − F , where P 11 connects v 1 to t 1 and P 12
connects u 1 to a 1 ; there exist two vertex-disjoint paths P 21 Hamiltonian path P 0 of B 0 − F from s 1 to t 1 . Since 4 n−1 − 3 ≥ 2(2n − 3) whenever n ≥ 3 and any vertex incident to two faulty (n − 1)-dimension edges will eliminate the choice of two edges on P 0 , we can choose an edge u 0 a 0 ∈ E(P 0 ) such that there exist two non-faulty edges u 0 a 1 ∈ E 0,1 and u 3 a 0 ∈ E 3,0 . Deleting u 0 a 0 from P 0 will give rise to two disjoint paths P 01 and P 02 , where P 01 connects s 1 to u 0 and P 02 connects a 0 to t 1 . Additionally, there exist a fault-free edge u 1 a 2 ∈ E 1,2 such that u 1 = s 2 , and an edge u 2 a 3 ∈ E 2,3 . By induction hypothesis, there exist two vertex-disjoint paths P 11 and P 12 cover all vertices of B 1 − F , where P 11 connects a 1 to u 1 and P 12 connects s 2 to t 2 . Moreover, there exist a fault-free Hamiltonian path P 2 of B 2 − F from a 2 to u 2 , and a fault-free Hamiltonian path P 3 of B 3 − F from a 3 to u 3 . Hence, s 1 , P 01 , u 0 , a 1 , P 11 , u 1 , a 2 , P 2 , u 2 , a 3 , P 3 , u 3 , a 0 , P 02 , t 1 and s 2 , P 12 , t 2 are two vertex-disjoint paths required.
Case 2.1.2. t 2 ∈ V (B 0 ) and s 2 , t 1 ∈ V (B 1 ). There exist fault-free edges u 0 a 1 ∈ E 0,1 such that u 0 = s 1 and a 1 = t 1 , u 1 a 2 ∈ E 1,2 such that u 1 = s 2 , u 2 a 3 ∈ E 2,3 and u 3 a 0 ∈ E 3,0 such that a 0 = t 2 . By induction hypothesis, there exist two vertexdisjoint paths P 01 and P 02 cover all vertices of B 0 − F , where P 01 connects s 1 to a 0 and P 02 connects u 0 to t 2 ; there exist two vertex-disjoint paths P 11 and P 12 cover all vertices of B 1 − F , where P 11 connects u 1 to t 1 and P 12 connects s 2 to a 1 . By Lemma 9, there exist a fault-free Hamiltonian path P 2 of B 2 − F from u 2 to a 2 , and a fault-free Hamiltonian path P 3 of B 3 − F from u 3 to a 3 . Hence, s 1 , P 01 , a 0 , u 3 , P 3 , a 3 , u 2 , P 2 , a 2 , u 1 , P 11 , t 1 and s 2 , P 12 , a 1 , u 0 , P 02 , t 2 are two vertexdisjoint paths required (see Fig. 6 ). Case 2.1.3. t 1 ∈ V (B 0 ) and s 2 , t 2 ∈ V (B 2 ). By Lemma 9, there exists a fault-free
Hamiltonian path P 0 of B 0 − F from s 1 to t 1 . We can choose an edge u 0 a 0 ∈ E(P 0 ) such that there exist two fault-free edges u 0 a 1 ∈ E 0,1 and u 3 a 0 ∈ E 3,0 . Deleting u 0 a 0 from P 0 will give rise to two disjoint paths P 01 and P 02 , where P 01 connects s 1 to u 0 and P 02 connects a 0 to t 1 . There exist a fault-free edge u 1 a 2 ∈ E 1,2 such that a 2 = t 2 , and a fault-free edge u 2 a 3 ∈ E 2,3 such that u 2 = s 2 . By induction hypothesis, there exist two vertex-disjoint paths P 21 It is obvious that a 0 = p(b 0 ). By induction hypothesis, there exist two vertexdisjoint paths P 01 and P 02 cover all vertices of B 0 − F , where P 01 connects s 1 to a 0 and P 02 connects s 2 to b 0 ; there exist two vertex-disjoint paths P 21 and P 22 cover all vertices of B 2 − F , where P 21 connects u 2 to t 1 and P 22 connects v 2 to t 2 . Let u 0 (resp. a 2 ) be the neighbor of a 0 (resp. u 2 ) on P 01 (resp. P 21 ). For convenience, we denote P 01 − a 0 by P 03 , that is, P 03 is a path from s 1 to u 0 . Similarly, we denote P 21 − a 2 by P 23 , that is, P 23 is a path from a 2 to t 1 . If can always choose such u 0 ∈ V (B 0 ) and a 2 ∈ V (B 2 ) that there exist two fault-free (n − 1)-dimension edges u 0 a 1 ∈ E 0,1 and u 1 a 2 ∈ E 1,2 . Then there exists a fault-free Hamiltonian path P 1 of B 1 −F from a 1 to u 1 . Hence, s 1 , P 03 , u 0 , a 1 , P 1 , u 1 , a 2 , P 23 , t 1 and s 2 , P 02 , b 0 , u, P 3 , a, a 0 , c, d, u 2 , b, v 2 , P 22 , t 2 are two vertex-disjoint paths required (see Fig. 7 ).
Case 2.1.7. s 2 ∈ V (B 0 ) and t 1 , t 2 ∈ V (B 3 ). By Lemma 17, there exist four vertices u, a, c ∈ V 0 and b ∈ V 1 of B 3 with a = p(c) such that:
(1) there exists an (n−1)-dimension neighbor a 0 of a and c such that a 0 a, a 0 c ∈ F and there exists an (n − 1)-dimension neighbor u 2 of b such that u 2 b ∈ F , where b (b = t 1 , t 2 ) is a common neighbor of a and c; (2) there exists an (n − 1)-dimension neighbor b 0 of u such that ub 0 ∈ F ; (3) there exist two vertex-disjoint paths P 31 and Q of B 3 − F cover all vertices of it, where P 31 connects u to t 2 , and Q connects c to t 1 and c, b, a is a subpath of Q. Deleting ab from Q will generate two vertex-disjoint paths bc and P 32 , where P 32 connects a to t 1 . By induction hypothesis, there exist two vertex-disjoint paths P 01 and P 02 cover all vertices of B 0 − F , where P 01 connects s 1 to a 0 and P 02 connects s 2 to b 0 . Similar to the proof of Case 2.1.6, let u 0 be the neighbor of a 0 on P 01 such that u 0 a 1 ∈ E 0,1 is a fault-free edge. For convenience, we denote P 01 − a 0 by P 03 , that is, P 03 is a path from s 1 to u 0 . By Lemma 6, there must exist a fault-free edge u 1 a 2 ∈ E 1,2 . Additionally, there exist a fault-free Hamiltonian path P 1 of B 1 − F from a 1 to u 1 , and a fault-free Hamiltonian path P 2 of B 2 − F from a 2 to u 2 . Hence, s 1 , P 03 , u 0 , a 1 , P 1 , u 1 , a 2 , P 2 , u 2 , b, c, a 0 , a, P 32 , t 1 and s 2 , P 02 , b 0 , u, P 31 , t 2 are two vertex-disjoint paths required (see Fig. 8 ). Case 2.2. For all j ∈ {0, 1, 2}, |V (B j ) ∩ {s 2 , t 1 , t 2 }| ≤ 1.
Case 2.2.1.1. t 2 ∈ V (B 1 ) and s 2 ∈ V (B 2 ). There exist fault-free edges u 0 a 1 ∈ E 0,1
such that u 2 = s 2 , and u 3 a 0 ∈ E 3,0 such that a 0 = t 1 . By induction hypothesis, there exist two vertex-disjoint paths P 01 and P 02 cover all vertices of B 0 − F , where P 01 connects s 1 to a 0 and P 02 connects u 0 to t 1 ; there exist two vertex-disjoint paths P 11 and P 12 cover all vertices of B 1 − F , where P 11 connects u 1 to a 1 and P 12 connects v 1 to t 2 ; there exist two vertex-disjoint paths P 21 and P 22 cover all vertices of B 2 − F , where P 21 connects u 2 to a 2 and P 22 connects s 2 to b 2 . By Lemma 9, there exists a fault-free Hamiltonian path P 3 of B 3 − F from u 3 to a 3 . Hence, s 1 , P 01 , a 0 , u 3 , P 3 , a 3 , u 2 , P 21 , a 2 , u 1 , P 11 , a 1 , u 0 , P 02 , t 1 and s 2 , P 22 , b 2 , v 1 , P 12 , t 2 are two vertex-disjoint paths required.
Case 2.2.1.2. t 2 ∈ V (B 1 ) and s 2 ∈ V (B 3 ). There exist two non-faulty edges u 1 a 2 ∈ E 1,2 and u 2 a 3 ∈ E 2,3 . By Lemma 9, there exist a fault-free Hamiltonian path 
such that a 3 = b 3 and u 2 = v 2 , and u 3 a 0 ∈ E 3,0 such that a 0 = t 1 . By induction hypothesis, there exist two vertex-disjoint paths P 01 and P 02 cover all vertices of B 0 − F , where P 01 connects u 0 to a 0 and P 02 connects s 1 to t 1 ; there exist two vertex-disjoint paths P 21 and P 22 cover all vertices of B 2 − F , where P 21 connects v 2 to b 2 and P 22 connects u 2 to t 2 . Moreover, there must exist an edge v 0 b 0 in P 01 or P 02 , say P 02 such that there exist two fault-free (n − 1)-dimension edges v 0 b 1 ∈ E 0,1 and v 3 b 0 ∈ E 3,0 , where v 3 = u 3 and b 1 = a 1 . Deleting v 0 b 0 from P 02 will generate two vertex-disjoint paths P 03 and P 04 , where P 03 connects s 1 to b 0 and P 04 connects v 0 to t 1 . Analogously, there exist two vertex-disjoint paths P 11 and P 12 cover all vertices of B 1 − F , 
and v 3 a 0 ∈ E 3,0 such that a 0 = t 2 . By induction hypothesis, there exist two vertex-disjoint paths P 01 and P 02 cover all vertices of B 0 − F , where P 01 connects v 0 to t 2 and P 02 connects s 1 to a 0 . Moreover, there must exist an edge u 0 b 0 on P 01 or P 02 , say P 02 such that there exist two fault-free (n − 1)-dimension edges u 0 a 1 ∈ E 0,1 and u 3 b 0 ∈ E 3,0 , where u 3 = v 3 and a 1 = b 1 . Deleting u 0 b 0 from P 02 will generate two vertex-disjoint paths P 03 and P 04 , where P 03 connects s 1 to b 0 and P 04 connects u 0 to a 0 . Analogously, there exist two vertex-disjoint paths P 11 and P 12 cover all vertices of B 1 − F , where P 11 connects u 1 to a 1 and u, a, c ∈ V 1 and b ∈ V 0 of B 0 − F with a = p(c) such that:
(1) there exists an (n−1)-dimension neighbor u 3 of a and c such that u 3 a, u 3 c ∈ F and there exists an (n − 1)-dimension neighbor a 1 of b such that a 1 b ∈ F , where b (b = s 1 , s 2 ) is a common neighbor of a and c; (2) there exists an (n − 1)-dimension neighbor v 3 of u such that uv 3 ∈ F ; (3) there exist two vertex-disjoint paths P 01 and Q of B 0 − F cover all vertices of it, where P 01 connects s 2 to u, and Q connects s 1 to c and c, b, a is a subpath of Q. Deleting ab from Q will generate two vertex-disjoint paths P 02 and bc, where P 02 connects s 1 to a and bc is an edge. Let a 3 ∈ V 1 be a vertex in B 3 such that a 3 = t 2 and u 2 a 3 ∈ E 2,3 is a fault-free edge. In addition, there exist two vertex-disjoint paths P 31 and P 32 cover all vertices of B 3 − F , where P 31 connects v 3 to t 2 and P 32
connects u 3 to a 3 . Similar to the proof of Case 2.1.6, let b 3 be the neighbor of u 3 on such that v 0 = s 1 . By induction hypothesis, there exist two vertex-disjoint paths P 01 and P 02 cover all vertices of B 0 − F , where P 01 connects v 0 to t 2 and P 02 connects s 1 to t 1 . Moreover, there must exist an edge u 0 a 0 on P 01 or P 02 , say P 02 such that there exist two fault-free (n−1)-dimension edges u 0 a 1 ∈ E 0,1 and u 3 a 0 ∈ E 3,0 , where a 1 = b 1 . Deleting u 0 a 0 from P 02 will generate two vertex-disjoint paths P 03 and P 04 , where P 03 connects s 1 to a 0 and P 04 connects u 0 to t 1 . In addition, there exist two fault-free edges u 1 a 2 ∈ E 1,2 and u 2 a 3 ∈ E 2,3 , where u 1 = s 2 . Analogously, there exist two vertex-disjoint paths P 11 and P 12 cover all vertices of B 1 −F , where P 11 connects u 1 to a 1 and P 12 connects s 2 to b 1 . Moreover, by Lemma 9, there exist a fault-free Hamiltonian path P 2 of B 2 −F from u 2 to a 2 and a fault-free Hamiltonian path P 3 of B 3 − F from u 3 to a 3 . Hence, s 1 , P 03 , a 0 , u 3 , P 3 , a 3 , u 2 , P 2 , a 2 , u 1 , P 11 , a 1 , u 0 , P 04 , t 1 and s 2 , P 12 , b 1 , v 0 , P 01 , t 2 are two vertex-disjoint paths required.
Case 3.2. t 1 , t 2 ∈ V (B 0 ) and s 2 ∈ V (B 2 ). There exist a fault-free edge v 0 b 1 ∈ E 0,1 such that v 0 = s 1 . By induction hypothesis, there exist two vertex-disjoint paths P 01 and P 02 cover all vertices of B 0 − F , where P 01 connects v 0 to t 2 and P 02 connects s 1 to t 1 . Moreover, there must exist an edge u 0 a 0 on P 01 or P 02 , say P 02 such that there exist two fault-free (n − 1)-dimension edges u 0 a 1 ∈ E 0,1 and u 3 a 0 ∈ E 3,0 , where a 1 = b 1 . Deleting u 0 a 0 from P 02 will generate two vertex-disjoint paths P 03 and P 04 , where P 03 connects s 1 to a 0 and P 04 connects u 0 to t 1 . In addition, there exist fault-free edges u 1 a 2 , v 1 b 2 ∈ E 1,2 such that u 1 = v 1 and a 2 = b 2 , and u 2 a 3 ∈ E 2,3 . Analogously, there exist two vertex-disjoint paths P 11 and P 12 cover all vertices of B 1 − F , where ) . By induction hypothesis, there exist two vertex-disjoint paths P 01 and P 02 cover all vertices of B 0 − F , where P 01 connects s 1 to t 1 and P 02 connects s 2 to t 2 . Since l(P 01 ) + l(P 02 ) = 4 n−1 − 2 and any vertex has two (n − 1)-dimension neighbors, there must exist an edge u 0 a 0 on P 01 or P 02 , say P 01 such that there exist two non-faulty edges u 0 a 1 ∈ E 0,1 and u 3 a 0 ∈ E 3,0 . Thus, deleting u 0 a 0 from P 01 will generate two vertex-disjoint paths P 03 and P 04 , where where P 03 connects s 1 to a 0 and P 04 connects u 0 to t 1 . In addition, there exist non-faulty edges u 1 a 2 ∈ E 1,2 and u 2 a 3 ∈ E 2,3 . By Lemma 9, there exist a fault-free Hamiltonian path P 1 of B 1 − F from u 1 to a 1 , a fault-free Hamiltonian path P 2 of B 2 − F from u 2 to a 2 , and a fault-free Hamiltonian path P 3 of B 3 − F from u 3 to a 3 . Hence, s 1 , P 03 , a 0 , u 3 , P 3 , a 3 , u 2 , P 2 , a 2 , u 1 , P 1 , a 1 , u 0 , P 04 , t 1 and s 2 , P 02 , t 2 are two vertex-disjoint paths required. Thus, this completes the proof.
Conclusions
In this paper, we consider paired two-disjoint path cover of the balanced hypercube with some faulty edges. We use induction to prove that the balanced hypercube BH n , n ≥ 2, is paired two-disjoint path coverable when at most 2n − 3 edge faults occur.
Let s 1 , s 2 ∈ V 0 and t 1 , t 2 ∈ V 1 be four vertices in BH n . There exists a balanced hypercube BH n with 2n − 2 edge faults containing no vertex-disjoint paths P i , i = 1, 2, that cover all vertices of it, where P i connects s i to t i and V (P 1 ) ∪ V (P 2 ) = V (BH n ). For example, let s 1 and s 2 be two vertices differing only from the inner index and let w be any common neighbor of s 1 and s 2 . One can consider that the 2n−2 edges incident to w (except s 1 w and s 2 w) are all faulty (see Fig. 9 ). Obviously, w has exactly two fault-free edges incident to it. Therefore, it is impossible to have vertex-disjoint s 1 , t 1 -path and s 2 , t 2 -path that cover all vertices of BH n . Hence, our results are optimal. . BH n has no paired two-disjoint path cover with 2n − 2 faulty edges.
